By means of extensive lattice-element simulations, we investigate stress transmission and its relation with failure properties in increasingly disordered porous systems. We observe a non-Gaussian broadening of stress probability density functions under tensile loading with increasing porosity and disorder, revealing a gradual transition from a state governed by single-pore stress concentration to a state controlled by multipore interactions and metric disorder. This effect is captured by the excess kurtosis of stress distributions and shown to be nicely correlated with the second moment of local porosity fluctuations, which appears thus as a (dis)order parameter for the system. By generating statistical ensembles of porous textures with varying porosity and disorder, we derive a general expression for the fracture stress as a decreasing function of porosity and disorder. Focusing on critical sites where the local stress is above the global fracture threshold, we also analyze the transition to failure in terms of a coarse-graining length. These findings provide a general framework which can also be more generally applied to multiphase and structural heterogeneous materials.
Nearly all materials are porous on some scale either due to their basic structure as an assembly of elementary constituents (grains, fibers, etc.) or as a result of the insertion of pores in a host matrix during the manufacturing process [1] . As the pores tend to reduce the overall connectivity of the solid phase and stress-bearing capacity under load, bulk properties such as fracture strength and heat conduction crucially depend on the porous texture . Amazingly, however, most upscaling models are essentially based on porosity as the only structural parameter and single-pore analysis [24] , thus ignoring spatial pore distributions, pore interactions, and their effects on stress transmission.
Recent increasing interest in a better understanding of multipore behavior is motivated by the scope of tailoring porous texture as a means of controlling macroscopic properties. For example, reducing the stiffness of orthopedic implants by engineering the pores is important for their behavior in contact with bone [7, [15] [16] [17] 19, 20] . In not only powder and sintered products such as pharmaceutical compacts [21] but also well-known homogeneous brittle materials such as glasses [25] , the variability of mechanical properties may be reduced by taking advantage of the porous texture without lowering the porosity, which is sometimes required for functions such as impact resistance and adsorption. It is also important to mention here modern energy technologies that either require porous components as in batteries [26] or resort to fracking in order to extract organic material by interaction with the porous texture of the rock [27] .
In this Letter, we consider a model porous system in which, besides porosity ϕ, a parameter I d reflecting porosity fluctuations is introduced to characterize the porous texture. By varying ϕ and I d in a broad range of values, we generate ensembles of pore configurations in a linear elastic matrix subjected to tensile loading. As compared to a reference ordered structure (I d ¼ 0), the issue addressed here is how interpore stress distributions correlate with I d for varying ϕ and with fracture strength. Specifically, with regard to the classical single-pore stress analysis, an interesting question is whether a transition occurs from a state governed by local stress gradients to a state bearing global disorder.
Let us consider a square plate of side L x ¼ L z ¼ L and thickness L y ≪ L. Porous textures can be generated by inserting circular pores (actually, cylinders of height L y ) of radius R in the plate. We consider a reference ordered configuration defined by N pores placed at the nodes of a square lattice such that L ¼ ffiffiffiffi N p s, where s is the lattice step. The 2D porosity is given by ϕ ¼ NπðR=LÞ 2 . Random configurations were generated from this reference system by applying Monte Carlo moves to the pores, with the requirement that the intercenter distance between two pores is above 2λR [28] . Metric randomness increases as λ is decreased from s=ð2RÞ to 1. The number N of pores is kept constant and porosity is controlled by changing R. To check the effectiveness of disorder for λ ¼ 1, we also used the grand canonical Monte Carlo method by randomly inserting pores of radius R under the no-overlap condition. In this method, R is kept fixed and porosity is controlled by the number of inserted pores. We also checked to see that the two-point probability function of the pore phase clearly reflects the evolution of disorder with λ [28, 29] . Various geometrical descriptors can be used to characterize random textures. Since the porosity ϕ is a mean global parameter, the next natural higher-order parameter is a measure of the local fluctuations of porosity. The definition of local porosity requires, however, a primitive volume that reflects pore distribution in the matrix. We use a square volume of length l ¼ ðπR 2 =ϕÞ 1=2 , which plays the same role as the mean free path in a gas and is reduced to the lattice step s in the ordered reference system. The porosity ϕ i at each point i can thus be evaluated in a square volume l 2 centered on i. The disorder parameter I d is defined as the standard deviation of the set fϕ i g:
which we refer to below as the "disorder index." For each value of ϕ, this parameter can vary from zero for an ordered structure to a maximum value on the order of 0.18 for a fully disordered structure (λ ¼ 1). The matrix is a homogeneous brittle medium simulated by means of the lattice element method in which the volume is discretized as a lattice of elastic elements; see the Supplemental Material [30] . The material parameters were fixed to Young's modulus E ¼ 1 MPa, Poisson's ratio ν ¼ 1=3, and tensile strength σ m c ¼ σ c ðϕ → 0Þ ¼ 3 kPa. The total strain at failure is σ m c =E ¼ 0.3%, implying that pore deformations are negligible and failure is essentially governed by stress concentration due to the porous texture. The bottom nodes along the z direction were fixed and the porous samples were subjected to stepwise loading of the top nodes with zero boundary stress along the x and y directions until failure occurs at a fracture stress σ c , depending on the porous texture. We performed a large number of simulations, with 25, 121, and 961 pores of increasing size up to a maximum porosity of ϕ ¼ 0.6. The small numbers of pores were used to generate representative ensembles of configurations for different values of ϕ and I d , repeating each simulation with ten independent pore configurations, whereas the large samples were used for a statistical analysis of stress fields. For these simulations, the spatial resolution of the matrix was always above five nodes per pore diameter. Figure 1 displays four maps of vertical stresses σ zz normalized by the mean stress hσ zz i for the same porosity ϕ ¼ 0.37 but with increasing disorder I d . Only tensile stresses (positive values) are shown since vertical stresses are mostly in tension. With the color scale being the same, we clearly observe stress chains with increasing inhomogeneity (shown up to 10 times the mean stress) as geometrical disorder increases. The probability density functions (PDFs) of stresses are shown in Fig. 2 . They are characterized by a peak and nearly similar distribution around the peak centered on the mean stress for all PDFs but with a gradual broadening with increasing disorder. The PDF in the weakly disordered system (S 1 with I d ¼ 0.008) shows two modes and a nearly Gaussian falloff reflecting the close pore environment; see the Supplemental Material [30] . For stronger disorder, however, these features disappear and the PDFs become smooth with a nearly
FIG. 1. Maps of the vertical tensile stress field in four different samples of porosity ϕ ¼ 0.37 and increasing disorder: stretched exponential falloff in the range of positive (tensile) strong stresses as well as in negative (compressive) stresses. This behavior is quite generic, with a broadening of the PDF with increasing porosity; for more examples, see the Supplemental Material [30] . The transition from local pore environments to a disorder-induced stochastic distribution is interesting as it implies that fracture in this regime is governed not by single-pore environments but by disorder and its correlations.
The broadening of the PDFs is reflected in the excess kurtosis κ ¼ 〈ðσ zz − hσ zz iÞ 4 〉=〈ðσ zz − hσ zz iÞ 2 〉 2 − 3 of stresses, which is plotted in the inset to Fig. 2 as a function of the disorder index. We see that κ increases quadratically with I d , revealing thus a well-defined connection between porous texture and stress transmission. This relation is nearly independent of porosity. Note that κ increases from −1 (which is the value for the Wigner semicircle distribution) to 0 (the value for a Gaussian) in S 1 and tending to 6 (for an exponential function) in S 4 . The nearly exponential falloff of the stress PDFs at high disorder and porosity recalls the statistics of strong contact forces in a granular material [33] [34] [35] [36] . This analogy can be elaborated by Delaunay triangulation of the matrix using the pore centers. In this representation, the matrix is tessellated into an assembly of triangular particles interacting with other triangles through contact lines joining neighboring pore centers. The mean stresses T n normal to all such lines define a coarse-grained ensemble. Examples of the stress maps are shown in the Supplemental Material together with their PDFs [30] .
Since I d is well correlated with the excess kurtosis of stresses, which amplifies the contribution of extreme stress values, we expect the fracture strength σ c to be dependent on I d as well as on ϕ. Figure 3(a) shows σ c normalized by tensile strength σ m c of the matrix as a function ϕ for all of our simulation data. The upper bound represents the tensile strength σ r c of our reference ordered configurations (I d ¼ 0). It can be evaluated by taking advantage of order and considering the effective cross section for stress transmission (see the Supplemental Material [30] ):
For each value of ϕ, the tensile strength declines from this upper value as I d increases; see the direction of the arrow in Fig. 3(a) . The extent of this strength weakening due to disorder is nearly the same for all values of ϕ. For example, for ϕ > 0.4, the strength can vanish depending on the amount of disorder. This behavior is obviously the effect of enhanced stress concentration observed in stress maps and PDFs with increasing disorder. The issue here is whether I d captures this disorder-induced weakening. Figure 3 (b) displays the same data points but for σ c normalized by the reference strength σ r c as a function of I d . The average points are also shown for ten successive intervals of I d together with their standard deviation. The data points are well fit by a linear function:
with I ⋆ d ≃ 0.18 representing a characteristic value of I d for which the strength vanishes and coincides with the maximum value of I d . This value can occur only when ϕ > 0.4. For ϕ < 0.4, I d is always below I ⋆ d . The effect of ϕ on fracture strength is fully included in that of ordered configurations σ r c ðϕÞ. We still observe a small variability around Eq. (3) that may be resolved by accounting for higher-order moments of local porosity fluctuations.
We now focus on the stress correlations and their relation with fracture. By definition, the material fails when the average stress σ zz over the whole volume equals σ c . In the same way, under increasing load, a crack can propagate over a distance d if the average stress σ zz ðdÞ inside a 2D volume d 2 centered on the crack equals σ c . Based on this picture, we proceed as follows. At a given level of the applied load σ zz , we first determine all sites i where σ i zz ≥ σ c . The number of these "critical sites" increases with loading. We then calculate the diameter d i of a circular probe centered on i such that the average stress σ zz ðd i Þ inside the probe equals σ c . The set fd i g of all probe diameters satisfying this condition thus provides a map of the stress state, as was also previously applied to the analysis of granular avalanches [40] . The average hd i i is a "coarse-graining" length reflecting stress correlations, and the largest diameter d max represents the most critical zone inside the system. In Figs. 4(a) and 4(b) , two examples are shown with all critical sites and their sizes d i in color code. Figure 4 (c) displays the evolution of d max as a function of loading for the four systems of Fig. 1 . d max increases exponentially as a function of the load, with values remaining small compared to system size, but at σ zz ≃ 0.75σ c it begins to diverge as nearly a power law d α max towards system size, with exponent α on the order of 2 over a small range explored here. A finite-size analysis is necessary with more data points to obtain an accurate scaling behavior in this range. The mean length hdi behaves in a similar way but grows more slowly. d max increases all the faster when the system is more disordered, which is consistent with the longer tails of the corresponding stress PDFs. The whole range of stresses between σ zz ≃ 0.75σ c and σ zz ¼ σ c corresponds to metastable states where global failure may occur as a result of fluctuations. Note also that, since pore deformations are negligibly small, the normalized stress PDFs do not evolve with loading. Only the mean stress increases proportionally to σ zz , so the increase of d max with loading is a consequence of the gradual sweeping of the stress PDF.
The nearly power-law divergence of d max close to σ c means that the critical sites prevail and transition to failure may be described as a percolation process of clusters of sites. If a crack occurs inside such a cluster, it will propagate across the system. This picture is qualitatively similar to what is observed in avalanche initiation [40] and transition to failure in cohesive granular materials and porous rocks under compressive loading [41, 42] with a power-law divergence of cracking events. It should also be borne in mind that the value of σ c in the above analysis is a sample-to-sample fluctuating quantity. The metastable regime, as defined above, provides a rationale behind these fluctuations, with a distribution that may be described by the Weibull statistics [43] .
The porous systems investigated in this Letter by means of extensive simulations highlight the role of multipore interactions and disorder in transition to failure. As porosity and/or disorder increase, this transition is increasingly controlled by stress distributions and correlations that we analyzed in terms of stress PDFs and a coarse-graining length. By quantifying the effect of metric disorder, our findings open a vast scope for the analysis of random porous materials with a broad range of porosities. Our results provide strong credit for the second order moment of local porosities as a (dis)order parameter that captures both the non-Gaussian broadening of stress distributions and the linear weakening of tensile strength with disorder, as described by Eq. (3). The elastic moduli undergo a similar weakening as a function of disorder [44] . Our approach and results cannot be directly applied to highly porous materials such as brittle foams, which are described in terms of bonds and topological disorder [2, 45] . However, it is useful to extend this investigation to such extreme cases in order to assess the limits of the present analysis. Despite demanding computational resources, another important step beyond this work is the analysis of systems involving overlapped pores, broad pore size distributions, and open pores in 3D [15, 46] . Finally, the methodology developed in this Letter can be applied to poroelastic behavior in disordered porous materials [24] and tested experimentally in materials of various degrees of disorder.
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